e energy efficiency (EE) is a key metric of ultradense heterogeneous cellular networks (HCNs). Earlier works on the EE analysis of ultradense HCNs by using the stochastic geometry tool only focused on the impact of the base station density ratio and ignored the function of different tiers. In this paper, a two-tier ultradense HCN with small-cell base stations (SBSs) and user equipments (UEs) densely deployed in a traditional macrocell network is considered. Firstly, the performance of the ultradense HCN in terms of the association probability, average link spectral efficiency (SE), average downlink throughput, and average EE is theoretically analyzed by using the stochastic geometry tool. en, the problem of maximizing the average EE while meeting minimum requirements of the average link SE and average downlink throughput experienced by UEs in macrocell and small-cell tiers is formulated. As it is difficult to obtain the explicit expression of average EE, impacts of the SBS density ratio and signal-tointerference-plus-noise ratio (SINR) threshold on the network performance are investigated through numerical simulations. Simulation results validate the accuracy of theoretical results and demonstrate that the maximum value of average EE can be achieved by optimizing the SBS density ratio and the SINR threshold.
Introduction
With the rapid growth of smart terminals, the wireless data traffic presented an exponential growth in recent years, which demands a much higher link throughput. However, latest wireless communication technologies have brought the point-to-point link throughput close to its theoretical limit, and the traditional homogeneous macrocell network cannot meet the enormous request on mobile services via the cell splitting technique anymore. In order to overcome these issues and provide a significant network performance leap, HCNs with the coexistence of macrocells and small cells have been introduced in the LTE-advanced standardization [1] [2] [3] . But in early HCNs, small cells were recommended as a complement for macrocells and were deployed in specific areas, such as hotspot and indoor scenarios. With the advancement of massive multiple-input multiple-output [4] and millimeter wave communication technologies, small cells were suggested to be densely deployed in all cellular network deployment scenarios [5] . So, the ultradense HCN, which has a much higher SBS density than ever, was viewed as one of the most promising paradigms to meet the 1000x wireless traffic volume increment in the next decade [6] [7] [8] [9] [10] [11] . However, along with the increase of SBS density, the energy consumption of ultradense HCNs will inevitably increase [9] [10] [11] . Hence, the EE will be a major concern for designing environment-friendly ultradense HCNs. In this paper, endeavors are made to develop an analytical framework for evaluating the average link SE, average downlink throughput, and average EE in a two-tier ultradense HCN, as well as providing guidelines for practical deployments.
Related Works and Motivation.
In HCNs, SBSs are usually randomly deployed, which pose significant challenges to the theoretical analysis and simulation validation. Recent research works have shown that such randomly deployed cellular networks can be successfully analyzed by utilizing the stochastic geometry tool [12] . For instance, modeling HCNs by the spatial Poisson point process (PPP) can provide an effective and tractable approach to analyze the performance of HCNs in terms of the coverage probability [13] , outage probability [14] , and average ergodic rate [15] . Furthermore, Singh et al. [16] and Dhillon and Andrews [17] characterized the downlink rate distribution with the mean load approximation. Besides, there exist many other point processes that can capture the spatial distribution characteristics of cellular networks, such as the binomial point process [18] , hard-core point process [19] , Poisson cluster process [20] , and so on. Nevertheless, the PPP model has the advantage of being more analytically tractable. Furthermore, abovementioned works modeled the spatial distribution of macrocell base stations (MBSs) by a random point process as well and ignored the function of different tiers or the relationship between them, which is impractical in actual situations. So, in this work, the spatial distribution of MBSs is modeled by a regular hexagonal structure, while the spatial distribution of SBSs is modeled by a PPP. e stochastic geometry tool and statistical average method are adopted to analyze the performance of the macrocell tier and small-cell tier, respectively.
On the other hand, universal frequency reuse is a key technology to meet the ever-increasing throughput demands, which is one of the main characteristics of HCNs [21] [22] [23] [24] . at is, the available spectrum will be aggressively reused by all of the coexisting network tiers. However, in ultradense HCNs, the cross-tier interference between a macrocell and a small cell and the co-tier interference among small cells have become a severe problem. As a result, there has been a significant amount of research efforts on managing both cross-tier interference and co-tier interference in a two-tier HCN, which consists of a macrocell network overlaid with small cells [25, 26] . In [25] , the authors proposed a spectrum partitioning approach to avoid the cross-tier interference between the macrocell tier and the small-cell tier by using the orthogonal spectrum allocation. However, under a sparse small-cell deployment setting, this approach is clearly inefficient, and a much higher area SE can be attained if the spectrum sharing is allowed [26] . Inspired by earlier works mentioned above, the spectrum partitioning approach is adopted in the two-tier ultradense HCN with ultradense SBS deployment, which can obtain a higher network SE while significantly simplifying the theoretical analysis.
With respect to the EE, on one hand, significant efforts have been made to investigate the impact of base station density on the EE of HCNs. For example, the impact of base station deployment strategies especially the impact of base station density on the EE of ultradense HCNs was investigated in [27] . In [28] , the authors analyzed the minimum base station density with the service outage constraint to minimize the network energy cost in HCNs. On the other hand, some earlier works concentrated on the EE by using energy-saving technologies, such as traffic awareness [29, 30] , collaborative transmission [31] , and base station sleep scheduling [32] . In this work, we focus on the optimization of network parameters (SBS density ratio and SINR threshold) to maximize the average EE without considering these related technologies.
As far as we know, most earlier works that adopted random network models to analyze the performance of HCNs focused on the network EE with respect to the SBS density ratio. In this work, the optimization problem of maximizing the average EE while meeting the average link SE and average downlink throughput requirements in the two-tier ultradense HCN is considered, and impacts of the SBS density ratio and SINR threshold on the network performance are investigated.
Contributions and Paper
Organization. In this work, we provide a comprehensive average EE analysis of a two-tier ultradense HCN. Compared to earlier works, main contributions of this paper are summarized as follows:
(1) Taking different functions of macrocell and smallcell tiers into account, in a two-tier ultradense HCN, a modified nearest association scheme is proposed, namely, a UE first decides whether to associate with its nearest SBS according to the received SINR. If its received SINR surpasses a threshold, the UE will associate with its nearest SBS. Otherwise, it will associate with its nearest MBS. Note that a UE associates with its nearest MBS without the limit of SINR threshold, since the macrocell tier is not interference-limited and the power of interference is controlled at a certain level which is comparable to the noise power. (2) e association probability is used to measure the burden of macrocell and small-cell tiers, and the average link SE is used to measure the quality of communications. Besides, the average link SE and average downlink throughput are derived by using the statistical average method. (3) To evaluate the average downlink throughput experienced by UEs in the small-cell tier, instead of using the average ergodic rate, the SINR threshold is taken into account, and impacts of the SBS density ratio and SINR threshold on the average EE are investigated. e aim is to provide a tractable approach to seek the optimum SBS density ratio and SINR threshold to maximize the average EE while meeting minimum requirements of the average link SE and average downlink throughput experienced by UEs in macrocell and small-cell tiers, which is meaningful to guide the actual deployment of ultradense HCNs.
e rest of this paper is organized as follows: in Section 2, the two-tier ultradense HCN model, channel model, power consumption model, and association scheme are described. In Section 3, the average link SE, average downlink throughput, and average EE are analytically derived, and the optimization problem is formulated. In Section 4, numerical simulation results are presented to validate theoretical ones. Finally, some concluding remarks are given in Section 5.
Notations: E[·] represents the expectation operator, I x represents the cumulative interference from all the other SBSs, L I x (·) represents the Laplace transform of a random variable I x , P m and P s denote the transmit powers of the MBS and SBS, respectively, N m represents the number of 2
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UEs served by an MBS in the macrocell tier, N s represents the number of UEs served by an SBS in the small-cell tier, the subscript x represents the distance between the reference UE and its nearest SBS (denoted by k 0 ), and subscripts m and s represent the MBS and SBS, respectively.
System Models

Ultradense HCN Model.
e ultradense HCN consists of a traditional homogeneous macrocell network and an ultradense small-cell network, in which SBSs constitute the small-cell tier and their spatial distribution is modeled as a homogeneous PPP Φ s with the intensity λ s , while MBSs constitute the macrocell tier and their spatial distribution follows a regular hexagonal structure since they are aimed to provide seamless coverage for a large area. Note that, in earlier works on performance analysis of cellular networks, the hexagonal structure was commonly substituted by a circular one for tractability. In addition, UEs follow another independent homogeneous PPP Φ u with the intensity λ u . In order to avoid the cross-tier interference, the spectrum partitioning approach is adopted in the ultradense HCN. Moreover, because the analyzing process is the same for di erent macrocells and we try to obtain the average throughput in a tractable way, we pick out one macrocell with the radius R from the two-tier ultradense HCN to conduct the network performance analysis, as shown in Figure 1 . In this macrocell, the MBS is located at the center, and the bandwidths W 1 and W 2 are dedicated for the MBS and SBS, respectively. Without loss of generality, it is assumed that a reference UE is located within the range of the MBS with a radial distance r, and all base stations and UEs are assumed to be equipped with a single antenna.
Since the impact of SBS density on the average EE for a given UE density will be investigated, the SBS density is normalized to λ s ρλ u , where ρ is de ned as the SBS density ratio. In this work, considering the feature of the ultradense HCN and referring to earlier works, let the value of ρ vary within 0.01∼0.3. Note that ρ can take other values in di erent scenarios.
Channel Model.
e path loss and fading are taken into account when modeling the wireless channel. e path loss exponent is denoted as α > 2. e fading experienced by UEs is assumed to be Rayleigh fading with mean 1, and its power gain is denoted by h, which follows the exponential distribution, that is, h ∼ exp(1).
In the macrocell tier, considering relevant techniques have been used to avoid the interference coming from adjacent MBSs, and in order to make the theoretical derivation tractable, it is assumed that the interference power coming from the other MBSs is comparable to the noise power σ 2 , and the co-tier interference power ξ 2 ωσ 2 is the same all over the macrocell tier [33] , where the parameter ω re ects the level of interference power in the macrocell tier. In the small-cell tier, the universal frequency reuse scheme is adopted to improve the network throughput. As such, except Mobile Information Systemsthe serving SBS of the reference UE, all the other SBSs are potential interferers.
erefore, the SINR of the reference UE at a distance r from its associated MBS can be expressed as
and the SINR of the reference UE at a distance x from its associated SBS can be expressed as
where
j denotes the cumulative interference from all the other SBSs, in which the jth SBS is at distance v j from the reference UE.
Power Consumption Model.
Generally speaking, the power consumption in a base station includes two parts: static power consumption and transmit power consumption.
e static power consumption in a base station is independent of the transmit power, while the transmit power consumption scales with the traffic load. In this work, the situation where all the base stations are fully loaded is supposed, so it is reasonable to assume that the transmit power consumption in a base station is independent of the traffic load but scales with the average radiated power.
erefore, in order to compute the average power consumption of the macrocell in the two-tier ultradense HCN, referring to [34] , the power consumption in the MBS and the SBS can be simply written as linear expressions:
where the coefficients Δ m and Δ s , respectively, account for the power consumption that scales with the average radiated power due to amplifier and feeder losses. Static powers b m and b s , respectively, include ones used for signal processing, battery backup, and cooling. So, the average power consumption over the area covered by the macrocell in the twotier ultradense HCN can be calculated as
2.4. Association Scheme. In earlier works [13, 27] , the spatial distribution of base stations in each tier of the HCN was modeled as an independent homogeneous PPP, and an SINR threshold was set to control the UE access to different tiers. Besides, both of them modeled the multitier network with a simple combination of single-tier networks, and the function of different tiers seems to be the same, which is impractical in an actual HCN. Furthermore, there are always some UEs dropped from the HCN, which means that the HCN cannot provide a seamless coverage.
In order to deal with problems mentioned above, in this work, a modified nearest association scheme is proposed, that is, a UE is covered by the small-cell tier when the SINR received from its nearest SBS is greater than the threshold β. Otherwise, it will be dropped from the small-cell tier and associate with the MBS.
Since UEs dropped from the small-cell tier will associate with the MBS, it is reasonable to use the association probability to characterize the burden of different tiers. e association probability is defined as p � E x [P c 2 (x) > β|x ], in which P c 2 (x) > β|x is the probability that a UE at distance x from its nearest SBS can achieve the target SINR β. It can be interpreted as (1) the average probability that a UE can achieve the target SINR β when associating with its nearest SBS and (2) the average fraction of UEs who at any time can achieve the target SINR β in the small-cell tier. According to [35] , the association probability can be expressed as
where 
Network Performance Analysis
In this section, taking the association probability into account, the average link SE, average downlink throughput experienced by UEs in macrocell and small-cell tiers, and average EE are derived. en, an optimization problem is formulated to maximize the average EE while meeting the average link SE and average downlink throughput requirements.
According to (1) , the SINR of a UE associating with the MBS is relevant to the distance r. So, the average link SE experienced by UEs in the macrocell tier can be expressed as
From (2) and taking the SINR threshold β into account, the average link SE experienced by UEs in the small-cell tier can be expressed as
Proof. Denote the random variable c 2 (x) by Y. E[log 2 (1 + c 2 (x))|c 2 (x) > β] can be calculated as follows [13] :
where the first step follows the integral transformation and the second step follows from changing the order of integration, while the conditional complementary cumulative density function (CCDF) of Y � c 2 (x) is written as follows:
It is clear that the average downlink throughput of a UE experienced in macrocell and small-cell tiers is mainly determined by the average number of UEs served by the MBS or its nearest SBS. According to the proposed association scheme, when the first interpretation of the association probability is adopted, that is, all the UEs have an equal probability to associate with the small-cell tier, referring to [17] , the spatial distribution of UEs that associate with the small-cell tier can be obtained by thinning the spatial distribution of all the UEs, which also follows a homogeneous PPP. In order to simplify the derivation, it is assumed that the spatial distribution of UEs served by the macrocell tier or the small-cell tier follows another independent homogeneous PPP, which means that the intensity of UEs served by the macrocell tier or the small-cell tier is identical in any area.
erefore, the average downlink throughput of UEs associating with different MBSs will be equal. Note that the independent thinning of the PPP of UEs that associate with the macrocell tier or the small-cell tier with a thinning probability is not considered. According to (5) , in the macrocell with radius R, the average number of UEs served by the MBS is E[N m ] � πR 2 (1 − p)λ u . So, the average downlink throughput of a UE served by the MBS can be expressed as
With respect to UEs served by the small-cell tier, taking the association probability into account, the equivalent UE density served by the small-cell tier is λ 2 � pλ u . e average downlink throughput of a UE served by its nearest SBS can be expressed as
where E[N s ] � 1 + 1.28(λ 2 /λ s ) is the average number of UEs served by an SBS [16] . As mentioned above, the average downlink throughput of a UE in the two-tier ultradense HCN can be written as
e average EE is defined as the ratio of average area throughput to average area power consumption, and the average link SE is defined as the weighted sum of the average link SE obtained in macrocell and small-cell tiers. According to (4-7) and (13), the average EE and average link SE can be, respectively, expressed as
Finally, we try to maximize the average EE while meeting the minimum requirements of the average link SE and average downlink throughput.
e optimization problem can be formulated as
where τ is the minimum average link SE requirement and C min is the minimum requirement of the average downlink throughput experienced by UEs in macrocell and small-cell tiers. Note that (11), (12), (14), and (15) show that C m , C s , η EE ,
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and η SE are functions of the SBS density ratio ρ and the SINR threshold β on condition that values of P m , P s , α, R, σ 2 , ω, λ u , W 1 , and W 2 are all given. So, we can analyze impacts of ρ and β on η EE and try to seek optimum values of ρ and β to maximize η EE while meeting the requirements of η SE , C m , and C s . As it is di cult to obtain the explicit expression of η EE , in the following section, extensive numerical simulations are conducted to evaluate impacts of ρ and β on η EE .
Simulation Results
In the previous section, the average link SE, average downlink throughput, and average EE have been analytically derived. In this section, comparisons of Monte Carlo simulation results and theoretical results are presented to illustrate the performance of the two-tier ultradense HCN, especially the average EE. Due to di erences among system models as well as considered factors, results are not compared with those in earlier works. Simulation parameters are listed in Table 1 .
As a key intermediate parameter in the two-tier ultradense HCN, the association probability p has an immediate impact on C m , C s , and C, which is a function of ρ and β when values of P s , α, and σ 2 are given. So, impacts of ρ and β on p, C m , C s , and C are rst investigated. en, the values of P m , P s , α, R, σ 2 , ω, λ u , W 1 , and W 2 are all set, and impacts of ρ and β on η SE and η EE are investigated. Note that analytical results are numerically calculated with (5) and (11)-(15). Figure 2 shows impacts of the SBS density ratio ρ and SINR threshold β on the association probability p. We can see that the SBS density ratio ρ has little e ect on the association probability p, while the association probability p rapidly decreases with the increase of β.
Impacts of ρ and β on p, C m , C s , and C.
ese results can be explained as follows: rstly, in the small-cell tier, the interference dominates the noise, which means that the noise power has little e ect on the SINR [13] . Secondly, due to the random deployment of SBSs, the increase in signal power is exactly counterbalanced by the increase in interference power.
Since only the SINR threshold β has an obvious e ect on the association probability p, according to (11) , C m is determined by β as well. So, we can observe the varying trend of the average downlink throughput of a UE served by the MBS, C m versus β for any given ρ. Figure 3 depicts the impact of the SINR threshold β on C m with ρ 0.01. From this gure, we can observe that C m rapidly decreases with the increase of β. It can be interpreted that more UEs drop from the small-cell tier and associate with the MBS due to the increase of β. With simulation parameters listed in Table 1 , we can obtain the maximum value of β as β max ≈ −0.69 dB. Figure 4 depicts the impact of the SINR threshold β on the average downlink throughput C s of a UE served by its nearest SBS for di erent values of ρ. From this gure, we can observe that C s increases with β and ρ. e reason is that a UE served by its nearest SBS shares its serving base station with a smaller number of the other UEs and experiences a higher SINR. Figures 5 and 6 show impacts of the SBS density ratio ρ and SINR threshold β on the average downlink throughput C, respectively. We can see that simulation results coincide with theoretical results, which validates the expression of the average downlink throughput in (13) . From Figure 5 , we can observe that the average downlink throughput increases with ρ for any curve; it can be interpreted that less UEs are severed by its nearest SBS when ρ increases, and it is sure to approach a certain limit when each small cell has only one active UE. From Figure 6 , we can observe that if the SBS density ratio ρ is Theoretical β = -2dB
Theoretical β = 0dB
Simulation β = 0dB given, we can seek an optimum β to get the maximum average downlink throughput, which shows that β plays the role to adjust the tra c burden between macrocell and small-cell tiers.
Impacts of ρ and β on η SE and η EE .
Impacts of the SBS density ratio ρ and SINR threshold β on the average link SE η SE and average EE η EE are further simulated, which are shown in Figures 7-9 . From Figure 7 , we can see that the average link SE η SE rst increases and nally saturates with the increase of SINR threshold β, while the SBS density ratio ρ has little e ect on η SE . Combining with results shown in Figure 6 , we can conclude that a UE in the macrocell tier experiences a higher SINR, while in the microcell tier, a UE usually obtains a higher throughput. With the parameter τ listed in Table 1 , we can obtain the minimum value of β as β min ≈ −8.97 dB. From Figure 8 , we can observe that the average EE η EE rst increases and then decreases with the increase of SBS density ratio ρ. It can be interpreted that the power consumption caused by the increment of SBSs surpasses the gain they bring to the throughput, which indicates that the SBS density ratio ρ should be carefully designed. From Figure 9 , we can observe that there exists an optimum β to reach the maximum value of average EE for a given ρ. According to Figure 8 and considering the requirements of η SE , C m , and C s , we can obtain optimum values of the SBS density ratio and SINR threshold as ρ ≈ 0.08 and β ≈ −0.69 dB, respectively, to make the two-tier ultradense HCN most energy-e cient.
From above simulation results, we can nd that β > −0.69 dB makes the average EE higher. However, it makes the throughput of UEs served by the MBS too low to bear. Besides, it is clear that further increasing ρ or β would not bene t the average EE. In order to further improve the average EE while meeting the minimum requirements of the average link SE and average downlink throughput in the two-tier ultradense HCN, more techniques like interference management and base station cooperation need to be incorporated, which will be conducted in our future work.
Conclusions
In this paper, impacts of the SBS density ratio ρ and SINR threshold β on the performance of a two-tier ultradense HCN have been studied by using the stochastic geometry tool. In addition to theoretically deriving expressions of the average link SE, average downlink throughput, and average EE, an optimization problem was formulated to maximize the average EE while meeting the average link SE and average downlink throughput requirements. Simulation results indicate that there exists an optimum value of ρ or β to maximize the average EE. But if one would like to achieve a high average EE while guaranteeing the performance of the two-tier ultradense HCN, such as meeting minimum requirements of the average link SE and average downlink throughput, both ρ and β should be carefully designed. From simulation results, we can observe that, with parameter settings listed in Table 1 , the SBS density ratio as ρ ≈ 0.08 and the SINR threshold as β ≈ −0.69 dB can make the two-tier ultradense HCN most energy-efficient. In brief, this work is capable of providing theoretical insights for the energyefficient planning of ultradense HCNs.
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